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1 Theory

Objectives: Develop a model of how disease spreads through fine particles suspended in airborn droplets
that are expelled from an infected individual when they cough.

Prerequisite Knowledge: High-school biology

Prerequisite Modules: 1A - Calculus, 1D - Differential Equations, 2C - Particle Dynamics, 3C - Generic
Time Stepping

Difficulty: Hard

Summary:
The pandemic of 2020 has led to a huge interest of modeling and simulation of infectious diseases. One
of the central questions is the potential infection zone produced by a cough. In this work, mathematical
models are developed to simulate the progressive time-evolution of the distribution of locations of particles
produced by a cough. Analytical and numerical studies are undertaken. The models ascertain the range,
distribution and settling time of the particles under the influence of gravity and drag from the surrounding
air. Beyond qualitative trends that illustrate that large particles travel far and settle quickly, while small
particles do not travel far and settle slowly, the models provide quantitative results for distances travelled
and settling times, which are needed for constructing social distancing policies and workplace protocols.

1 Theory

1.1 Introduction

The pandemic of 2020, due to SARS-CoV-2, named COVID-19 and referred to as coronavirus, has been
responsible for hundreds of thousands of deaths in 2020 alone. It is well-established that this virus primarily
spreads from person-to-person contact by respiratory droplets produced when an infected person coughs or
sneezes. Subsequently, the droplets come into contact with the eyes, nose or mouth of a nearby person or
when a person touches an infected surface, then makes contact with their eyes, nose or mouth. Since the
virus is small, 0.06-0.14 microns in diameter, it can be contained in or attached to such emitted droplets.
Droplets as small as one micron can carry enough viral load to cause an infection. A particular concern
is the interaction of droplets with ventilation systems, which potentially could enhance the propagation of
pathogens. This has implications on situation-specific safe distancing and the design of building filtration
systems, air distribution, heating, air-conditioning and decontamination systems, for example using UV-c
and related technologies. In order to facilitate such system redesigns, fundamental analysis tools are needed
that are easy to use. Accordingly, this work develops one type of such needed tools, namely a simulator for
the analysis of cough particle tracking, in order to ascertain how large is the potential infection zone and
the airborne setting time of cough particles.
In its most basic form, a cough can be considered as a high-velocity release of a random distribution of
particles of various sizes, into an ambient atmosphere. We refer the reader to Wei and Li [54], Duguid [12],
Papineni and Rosenthal [38], Wei and Li [55], Zhu et al [59], Chao et al [9], Morawska et al [32], VanSciver et
al [50], Kwon et al [21], Tang et al [26], Xie et al [48], Gupta et al [13], Wan et al [53], Villafruela et al. [51],
Nielson [34] Zhang and Li [58] and Lindsley et. al [27] for extensive reviews of coughs and other respiratory
emissions. Following formulations for physically similar problems associated with particulate dynamics from
the fields of blasts, explosions and fire embers (Zohdi [64 ,65, 66, 67]), we make the following assumptions:

• We assume the same initial velocity magnitude for all particles under consideration, with a random
distribution of outward directions away from the source of the cough. This implies that a particle
non-interaction approximation is appropriate. Thus, the inter-particle collisions are negligible. This
has been repeatedly verified by “brute-force” collision calculations using formulations found in Zohdi
[60, 61, 62, 63].

• We assume that the particles are spherical with a random distribution of radii Ri, i = 1, 2, 3...N =
particles. The masses are given by mi = ρi

4
3πR

3
i , where ρi is the density of the particles.
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• We assume that the cough particles are quite small and that the amount of rotation, if any, contributes
negligibly to the overall trajectory of the particles. The equation of motion for the ith particle in the
system is

miv̇i = Ψgrav
i + Ψdrag

i , (1.1)

with initial velocity vi(0) and initial position ri(0). The gravitational force is Ψgrav
i = mig, where

g = (gx, gy, gz) = (0, 0,−9.81)m/s2.

• For the drag, we will employ a general phenomenological model

Ψdrag
i =

1

2
ρaCD||vf − vi||(vf − vi)Ai, (1.2)

where CD is the drag coefficient, Ai is the reference area, which for a sphere is Ai = πR2
i , ρa is the

density of the ambient fluid environment and vf is the velocity of the surrounding medium which, in the
case of interest, is air. We will assume that the velocity of the surrounding fluid medium (vf ) is given,
implicitly assuming that the dynamics of the surrounding medium are unaffected by the particles. 1

In order to gain insight, initially, reader may refer back to the Particle Kinematics module on the closely
related, analytically tractable, Stokesian Model.
Remarks: As mentioned, there are a large number of physically similar phenomena to a cough, such as the
particulate dynamics associated with blasts, explosions and fire embers. We refer the interested reader to
the wide array of literature on this topic; see Plimpton [40], Brock [6], Russell [41], Shimanzu [42], Werrett
[56], Kazuma [19, 20], Wingerden et al [57] and Fernandez-Pello [10], Pleasance and Hart [39], Stokes [46]
and Rowntree and Stokes [44], Hadden et al [14], Urban et al [49] and Zohdi [67] .

1.2 Computational approaches for more complex models

1.2.1 More detailed characterization of the drag

In order to more accurately model the effects of drag, one can take into account that the empirical drag
coefficient varies with Reynolds number. For example, consider the following piecewise relation (Chow [9]):

• For 0 < Re ≤ 1, CD = 24
Re ,

• For 1 < Re ≤ 400, CD = 24
Re0.646 ,

• For 400 < Re ≤ 3× 105, CD = 0.5,

• For 3× 105 < Re ≤ 2× 106, CD = 0.000366Re0.4275 and

• For 2× 106 < Re <∞, CD = 0.18,

where, as in the previous section, the local Reynolds number for a particle is Re
def
= 2Riρa||vf−vi||

µf
and µf is

the fluid viscosity.2 We note that in the zero Reynolds number limit, the drag is Stokesian. In order to solve
the governing equation,

miv̇i = Ψgrav
i + Ψdrag

i = mig +
1

2
ρaCD||vf − vi||(vf − vi)Ai, (1.3)

we integrate the velocity numerically

vi(t+ ∆t) = vi(t) +
1

mi

∫ t+∆t

t

(Ψgrav
i + Ψdrag

i ) dt ≈ vi(t) +
∆t

mi

(
Ψgrav
i (t) + Ψdrag

i (t)
)
. (1.4)

1We will discuss these assumptions further, later in the work.
2The viscosity coefficient for air is µf = 0.000018 Pa-s.
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The position is the obtained by integrating again:

ri(t+ ∆t) = ri(t) +

∫ t+∆t

t

vi(t) dt ≈ ri(t) + ∆tvi(t). (1.5)

This approach has been used repeatedly for a variety of physically similar drift-type problems in Zohdi [64,
65, 66, 67].
Remark: The piecewise drag law of Chow [9] is a mathematical description for the Reynolds number over
a wide range and is a curve-fit of extensive data from Schlichting [45].

2 Example

2.1 Simulation parameters

In order to illustrate the model, the following simulation parameters were chosen:

• Starting height of 2 meters,

• Total simulation duration, 4 seconds,

• The time step size, ∆t = 10−6 seconds,

• The cough velocity, V c(t = 0) = 30m/s (taken from the literature which indicates 10m/s ≤ V c ≤
50m/s),

• Density of particles, ρi = 1000, kg/m3,

• Density of air, ρa = 1.225, kg/m3 and

• Total mass, MTotal =
∑Pn

i=1mi = 0.0005 kg.

2.1.1 Particle generation

A mean particle radius was chosen to be R̄ = 0.0001m with variations according to

Ri = R̄× (1 +A× ζi), (2.1)

where A = 0.9975 and a random variable −1 ≤ ζi ≤ 1. The algorithm used for particle generation was:

• M=0

• Start loop: i = 1, Pn

• Ri = R̄× (1 +A× ζi),
• M = M +mi = M + ρi

4
3πR

3
i

• If M ≥MTotal then stop (determines Pn=particles)

• End loop

2.1.2 Initial trajectories

The initial trajectories we determined from the following algorithm

• Specify relative direction ’cone’ parameters: N c = (N c
x, N

c
y , N

c
z ),

• For each particle, i = 1, 2, 3, ..., Pn, construct a (perturbed) trajectory vector:

N i = (N c
x +Acx × ηix, N c

y +Acy × ηiy, N c
z +Acz +×ηiz) = (Nix, Niy, Niz), (2.2)

where −1 ≤ ηix ≤ 1, 0 ≤ ηiy ≤ 1 and −1 ≤ ηiz ≤ 1.
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vfy (m/s) Max− distance(m) Comments
-2.0 8.002 due to small particles moving backwards
-1.0 4.210 due to small particles moving backwards
0.0 2.721 due to large particles moving forwards
1.0 4.937 due to large particles moving forwards
2.0 8.736 due to large particles moving forwards

Table 2.1: Maximum distance from the source at the end of T=4 seconds.

• For each particle, normalize the trajectory vector:

N i =
1

||N i||
(Nix, Niy, Niz). (2.3)

• For each particle, the velocity vector is constructed by a projection onto the normal vector:

vi = V cN i. (2.4)

6
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Figure 2.2: Cough simulation (from a starting height of 2 meters, for vf = (0, 0, 0)): successive frames
indicating the spread of particles. (a) Large particles travel far and settle quickly and (b) Small particles do
not travel far and settle slowly.
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Figure 2.4: Zoom on cough simulation (from a starting height of 2 meters, for vf = (0, 0, 0)): successive
frames indicating the spread of particles. (a) Large particles travel far and settle quickly and (b) Small
particles do not travel far and settle slowly.

2.1.3 Numerical results

An extremely small (relative to the total simulation time) time-step size of ∆t = 10−6 seconds was used.
Further reductions of the time-step size produced no noticeable changes in the results, thus the solutions
generated can be considered to have negligible numerical error. The simulations took under 10 seconds on
a standard laptop. The algorithm generated 59941 particles ranging from 2.5× 10−7m ≤ Ri ≤ 2× 10−4 m
(i.e. 0.25microns ≤ Ri ≤ 200microns). We used a trajectory cone of N c = (0, 1, 0) and Ac = (1, 0.5, 1) in
the example given. Figures 2.2-2.4 illustrate the results for the parameters above (for vfy = 0). If particles
contacted the floor, they were immobilized. The maximum distance travelled from the source located at
(0, 0, 2) was 2.72 meters (achieved by large particles). Table 2.1 shows variation in the headwind. For strong
tailwind, the larger particles land further away from the cough source. As the analytical theory asserts,
successive frames indicate that: (a) Large particles travel far and settle quickly and (b) Small particles do
not travel far and settle slowly (when there are no ambient velocities). As observed in the simulations,
the settling of the small particles is still not achieved by the end of the simulation time (here 4 seconds).
Accordingly, the simulations were also run for extremely long periods to ascertain that the ”mist” of small
particles remained airborne for several minutes (as predicted by the theory). For strong opposing headwind,
small particles move backwards, and still remain airborne for extended periods of time. This is by far the
most dangerous case, since this will encounter other persons at the torso level. We also note that ratio of
the general drag to gravity indicates:

||Ψdrag,general||
||Ψgrav||

=
3CDρa||vf − vi||2

ρiRig
, (2.5)

which indicates that at high velocities, the dynamics are dominated by drag.

9



BE
TA

D
RA
FT

3 Assignment

3 Assignment

The pandemic of 2020 has led to a huge interest of modeling and simulation of infectious diseases. One
of the central questions is the potential infection zone produced by a cough. In this assignment, you will
develop mathematical models to simulate the progressive time-evolution of the distribution of particles in
space produced by a cough. From your simulations, we ask that you recommend safe distancing guidelines
based on the range, distribution and settling time of the particles under the influence of gravity and drag
from the surrounding air.

DROPLET DISPERSION FROM A COUGH

Figure 3.1: Droplet dispersion after 0.1 seconds.

Model Formulation

Particle Dynamics

In its most basic form, a cough can be considered as a high-velocity release of a random distribution of
particles of various sizes, into an ambient atmosphere. For our particular simulation, assume the same initial
velocity magnitude for all particles under consideration, with a random distribution of outward directions
away from the source of the cough. This implies that a particle non-interaction approximation is appropriate.
Thus, the inter-particle collisions are negligible. We also assume that the particles are spherical with a random
distribution of radii Ri, i = 1, 2, 3, ..., N = particles. The masses are given by mi = ρi

4
3πR

3
i , where ρi is the

density of the particles and is assumed to be constant for all droplets. We assume that the cough particles
are quite small and that the amount of rotation, if any, contributes negligibly to the overall trajectory of the
particles. The equation of motion for the ith particle in the system is

mir̈i = Ψgrav
i + Ψdrag

i (3.1)

where mi is the mass of each droplet, r̈i is the droplet’s acceleration, and the two Ψ are gravitational and
drag forces respectively.
Let the z axis be the vertical axis so we note that the gravitation force be defined as

10
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Ψgrav
i = mi(gx, gy, gz) = (0, 0,−mig) (3.2)

where g is the gravitational constant. The drag force depends on the geometry of the droplet and the
properties of the surrounding medium:

Ψdrag
i =

1

2
ρaCD||vf − vi||(vf − vi)Ai (3.3)

where CD is the drag coefficient, Ai is the reference area, which for a sphere is Ai = πR2
i , ρa is the density

of the ambient fluid environment and vf is the velocity of the surrounding medium, which in this case is air.
To determine the drag coefficient, we first determine the Reynolds number of the droplet Re:

Re =
2Rρa‖vf − vi‖

µf
(3.4)

Where µf is the viscosity of the surrounding medium. Then, the drag coefficient is a piecewise function of
Re:

CDi =



24
Re , 0 < Re ≤ 1

24
Re0.646 , 1 < Re ≤ 400

0.5, 400 < Re ≤ 3× 105

0.000366Re0.4275, 3× 105 < Re ≤ 2× 106

0.18, Re > 2× 106

(3.5)

Numerical Integration

Thus we have the governing equation for the motion of the droplets, which we will numerically integrate
using the Forward Euler method. We employ equation 3.1 and solve for r̈i. We use a Forward Euler scheme
to integrate and find the position and velocity of some i-th droplet:

ri(t+ ∆t) = ri(t) + ∆tvi(t) (3.6)

vi(t+ ∆t) = vi(t) + ∆tr̈i(t) (3.7)

Simulation Parameters

Particle Generation

Let us assume the total mass of all of the droplets in a cough is M total = 0.00005kg, with a mean particle
radius of R̄ = 0.0001m with variations according to

Ri = R̄× (1 +A× ξi) (3.8)

where A = 0.9975 and a random variable −1 ≤ ξi ≤ 1. The algorithm used for particle generation should
be:

• Initialize total mass: M = 0

• Start loop: i = 1, Pn

• Compute a random deviation from the mean radius R̄: Ri = R̄× (1 +A× ξi)

• Compute the mass of the new particle and add to the total mass computed: M = M + mi =
M + ρi

4
3πR

3
i

• Check if the threshold for total mass has been reached: If M ≥ M total then stop (determines
Pn = particles)

• End loop.

Please refer the Variable Glossary for a complete description of the values for each constant.
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Initial Trajectories

The initial trajectories we determined from the following algorithm

• Specify the relative direction of the cough: Nc = (N c
x, N

c
y , N

c
z ),

• For each particle, i = 1, 2, 3, ..., Pn, construct a (perturbed) trajectory vector:

Ni = (N c
x +Acx × ηix, N c

y +Acy × ηiy, N c
z +Acz × ηiz), (3.9)

where the random cone parameters are bounded: −1 ≤ ηix ≤ 1, 0 ≤ ηiy ≤ 1, −1 ≤ ηiz ≤ 1.

• For each particle, normalize the trajectory vector:

ni =
1

||Ni||2
(Nix, Niy, Niz). (3.10)

• For each particle, the velocity vector is constructed by a projection onto the normal vector:

vi = V cni (3.11)

Implementation Tips

• Consider only computing the forces on the droplets that are still airborne, while droplets with position
ry ≤ 0 are immobilized and reset to 0.

• Rather than plotting all of the droplets, randomly choose 1000 droplets to display in your plots.

12
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VARIABLE GLOSSARY

Symbol Type Units Value Description

r0 Vector m [0, 0, 2] Standing height
ttot Scalar s 4 Total simulation time
dt Scalar s 1e-4 Time step
V ct=0 Scalar m/s 35 Cough velocity
V f Vector m/s [0, 0, 0] Velocity of surrounding medium
ρi Scalar kg/m3 1000 Density of droplets
ρa Scalar kg/m3 1.225 Density of air

M total Scalar kg 0.00005 Total mass
∑Pn

i=1mi

R̄ Scalar m 0.0001 Mean particle radius
A Scalar none 0.9975 Deviatoric constant
Nc vector none [0, 1, 0] Trajectory cone
Ac vector none [1, 0.5, 1] Deviatoric constant for trajectory
µf scalar Pa · s 1.8e-5 Viscosity coefficient for air
g vector m/s2 [0, 0, -9.81] Gravitational constant

13
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1 clc;

2 clear;

3 close all;

4

5 v = VideoWriter(’cough’, ’MPEG -4’);

6 open(v);

7

8 r0 = [0; 0; 2];

9 T = 4.0;

10 dt = 1e-4;

11 v0 = 35;

12 vf = [0; 0; 0];

13 rho_i = 1000;

14 rho_a = 1.225;

15 Mtot = 0.00005;

16 Rm = 0.0001;

17 A = 0.9975;

18 Nc = [0; 1; 0];

19 Ac = [1; 0.5; 1];

20 muf = 1.8e-5;

21 g = [0; 0; -9.81];

22

23 mass = 0.0;

24 Ri = NaN (1 ,6100);

25 Mi = NaN (1 ,6100);

26 Pn = 0;

27 while mass < Mtot

28 Pn = Pn + 1;

29 e = -1 + 2*rand (1);

30 Ri(Pn) = Rm * (1 + A * e);

31 Mi(Pn) = rho_i *4/3* pi*Ri(Pn)^3;

32 mass = mass + rho_i *4/3*pi*Ri(Pn)^3;

33 end

34

35 ni = zeros(3,Pn);

36 for i = 1:Pn

37 etax = -1 + 2*rand (1);

38 etay = rand (1);

39 etaz = -1 + 2*rand (1);

40 Ni = [Nc(1) + Ac(1) * etax; Nc(2) + Ac(2) * etay; Nc(3) + Ac(3) * etaz];

41 ni(:,i) = Ni/vecnorm(Ni);

42 end

43

44 nTimeSteps = T/dt;

45 velParticle = v0 * ni;

46 posParticle = r0*ones(1,Pn);

47

48 % Init. 3D Fig.

49 fig1 = figure(’pos’, [0 200 1000 1000]);

50 h = gca;

51 view (135, 30);

52

53 axis equal;

54 grid on;

55

56 xlim ([ -1.5 1.5]);

57 ylim ([0 2.5]);

58 zlim ([0 3]);

59 xlabel(’X[m]’);

60 ylabel(’Y[m]’);

61 zlabel(’Z[m]’);

62 hold(gca , ’on’);

63 count = 0;

64

65
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66 Air = true(1,Pn);

67 Ai = pi*Ri.^2; % Drag Reference Area

68 c = Ri(Air);

69 S = Ri(Air)./max(Ri) * 100;

70 s = S(:) ’;

71 fig_particles = scatter3(posParticle (1,:), posParticle (2,:), posParticle (3,:), s,c,’filled ’)

;

72 colormap

73

74 grid on;

75

76 for k = 1: nTimeSteps

77 % DYNAMICS OF DROPLETS

78 % posParticle (:,Air) = posParticle (:,Air) + dt*velParticle (:,Air);

79

80 vdiff = vecnorm(vf-velParticle (:,Air) ,2,1);

81 Re = (2*Ri(Air)*rho_a.*vdiff)./muf;

82 Cd = (24./Re).*(0 < Re & Re <= 1) + ...

83 (24./( Re .^(0.646))).*(1 < Re & Re <= 400) + ...

84 0.5.*(400 < Re & Re <= 3E5) + ...

85 (0.000366*( Re .^(0.4275))).*(3E5 < Re & Re <= 2E6) + ...

86 0.18.*(2 E6 < Re);

87

88 Fd = 0.5.* Cd.*rho_a .*Ai(Air).* vdiff .*(vf-velParticle (:,Air));

89 Fg = Mi(Air).*g;

90

91 Ftot = Fd + Fg;

92

93 posParticle (:,Air) = posParticle (:,Air) + velParticle (:,Air)*dt; % Use Forward Euler to

update position

94 velParticle (:,Air) = velParticle (:,Air) + dt*(Ftot./Mi(Air)); % Use Forward Euler to

update velocity

95 below = find(posParticle (3,:) < 0); % Check if droplets have hit the print bed

96 posParticle (3,below) = 0; % Reset droplets height to print bed

97 Air(below) = false; % Update flag array to indicate droplets on bed

98

99 if mod(k ,100) == 0 % update movie frame

100 count = count + 1;

101 view (135+ count/3, 30);

102 figure (1)

103 set(fig_particles , ...

104 ’xData’, posParticle (1,:), ...

105 ’yData’, posParticle (2,:), ...

106 ’zData’, posParticle (3,:));

107 frame = getframe(gcf);

108 writeVideo(v,frame);

109 end

110 end

111

112 close(v);

15
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